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1. Introduction and results
Denote by Zm the ring of residue classes mod m, and by Z∗m the group of units in Zm , i.e. the
multiplicative group of primitive residues a mod m with (a,m) = 1. Clearly, neither Z∗m nor Zm \ Z∗m
is closed under addition. In this note we shall determine the number of representations of residues
n mod m as sums of two units n1,n2 ∈ Z∗m , sums of two nonunits n1,n2 ∈ Zm \Z∗m , and sums of mixed
pairs, respectively, i.e. the cardinalities of the following sets, deﬁned for integers m > 0 and n:
S∗∗m (n) :=
{
(n1,n2) ∈
(
Z
∗
m
)2
: n1 + n2 ≡ n modm
}
,
Sm (n) :=
{
(n1,n2) ∈
(
Zm \Z∗m
)2
: n1 + n2 ≡ n modm
}
,
S∗m (n) :=
{
(n1,n2) ∈ Z∗m ×
(
Zm \Z∗m
)
: n1 + n2 ≡ n modm
}
,
S∗m (n) :=
{
(n1,n2) ∈
(
Zm \Z∗m
)×Z∗m: n1 + n2 ≡ n modm}.
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proofs.
Our attention was drawn to this subject by questions concerning the so-called unitary Cayley graph
(cf. [2,7,8]). Cayley graphs in general are a tool to encode the structure of a group. The unitary Cayley
graph Cay(Zm,Z∗m) in particular is deﬁned for each positive integer m by the vertex set Zm and the
edge set E with (x, y) ∈ E if and only if x− y ∈ Z∗m .
In 1935 Davenport [4] and Chowla [3] established the essentially best possible lower bound
|A+B|min(m, |A| + |B| − 1) for the cardinality of the sumset
A+ B := {a + b: a ∈A, b ∈ B},
where A is an arbitrary set of residues mod m and B is a set containing primitive residues and 0.
This was used to solve congruences of type nk1 + · · · + nks ≡ n mod m in connection with Waring’s
problem (cf. [10, p. 23]).
The task to ﬁnd integers n1,n2 coprime with m such that n1 + n2 ≡ n mod m for given n bears
some resemblance with Goldbach’s problem on solving p1 + p2 = n for even integers n in primes
p1, p2. Therefore it was labelled “Goldbach for residues” (cf. [1]).
A few years ago Deaconescu [5] derived the formula for |S∗∗m (n)| stated in Theorem 1.1 below from
earlier work together with Du [6] on the number of similar automorphisms in ﬁnite cyclic groups.
We present a straightforward proof using multiplicativity of |S∗∗m (n)| with respect to m. The reader is
invited to take a look at the interesting remarks in [5] on the relation of this problem with Lehmer’s
longstanding conjecture [9] saying that for an integer n > 1 Euler’s totient function ϕ(n) divides n− 1
only if n is prime.
For primes p and integers k > 0 and n let
ϕ∗
pk
(n) :=
{
pk−1(p − 1) if p|n,
pk−1(p − 2) if p/|n.
For arbitrary positive integers m we deﬁne ϕ∗m(n) by multiplicative continuation, i.e. given the prime
factorisation m = pk11 · . . . · pkrr of m let
ϕ∗m(n) :=
r∏
i=1
ϕ∗
p
ki
i
(n) =m
∏
p|m
p|n
(
1− 1
p
)∏
p|m
p/|n
(
1− 2
p
)
.
Theorem 1.1. The function s∗m(n) := |S∗∗m (n)| is multiplicative with respect to m, and s∗m(n) = ϕ∗m(n).
As an immediate consequence we can tell which residues n mod m are representable as sums
of two units mod m. This, however, can also be shown by virtue of the Chinese remainder theorem
without counting numbers of representations (cf. Remark 2.1).
Corollary 1.1. Let m > 0 and n be arbitrary integers.
(a) If 2/|m there are n1,n2 ∈ Z∗m such that n1 + n2 ≡ n modm.
(b) If 2|m and 2|n there are n1,n2 ∈ Z∗m such that n1 + n2 ≡ n modm.
(c) If 2|m and 2/|n there are n1,n2,n3 ∈ Z∗m such that n1 +n2 +n3 ≡ nmodm, but there is no representation
with two units.
Examples suggest that for sm(n) := |Sm (n)| the difference s∗m(n)− sm(n) of the respective numbers
of representations does not depend on n. This is in fact true and provides the main idea to show the
following result.
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sm(n) = s∗m(n) +m − 2ϕ(m) = ϕ∗m(n) +m − 2ϕ(m).
Similar to the case of units this theorem implies immediately which residues n mod m have the
desired representation in nonunits.
Corollary 1.2. Let m > 0 and n be arbitrary integers.
(a) Let m be a prime power pk. Then there are n1,n2 ∈ Zm \ Z∗m satisfying n1 + n2 ≡ n modm if and only if
n ∈ Zm \Z∗m (i.e. p|n).
(b) If m has at least two distinct prime factors then there are n1,n2 ∈ Zm \Z∗m such that n1 +n2 ≡ nmodm.
It should be remarked that the existence of solutions in the case of nonunits can be seen directly:
For m = pk and n = p · n′ ∈ Zm \ Z∗m we have the representation n = p + (n′ − 1)p as sum of two
nonunits, and for pq|m with different primes p and q, there are integers a,b satisfying n = ap + bq
with nonunits ap and bq.
For completeness we ﬁnally state the missing result on mixed representations.
Theorem 1.3. For integers m > 0 and n we have
∣∣S∗m (n)∣∣= ∣∣S∗m (n)∣∣= ϕ(m) − ϕ∗m(n).
Corollary 1.3. For given m > 0 the integer n has no representation n1 + n2 ≡ n mod m with n1 ∈ Z∗m and
n2 ∈ Zm \ Z∗m if and only if the squarefree kernel of m divides the squarefree kernel of n, i.e. all prime divisors
of m divide n.
2. Proofs
Proof of Theorem 1.1. We start by showing that s∗m(n) is multiplicative with respect to m. Therefore
let m =m1m2 with (m1,m2) = 1 and n be ﬁxed. For given representations
n′1 + n′2 ≡ n modm1,
n′′1 + n′′2 ≡ n modm2
with n′1,n′2 ∈ Z∗m1 and n′′1,n′′2 ∈ Z∗m2 the Chinese remainder theorem guarantees the existence of
(unique) ni mod m (i = 1,2) such that
ni ≡ n′i modm1,
ni ≡ n′′i modm2,
where obviously (n1,m) = (n2,m) = 1 holds. Moreover we have
n1 + n2 ≡ n′1 + n′2 ≡ n modm1,
n1 + n2 ≡ n′′1 + n′′2 ≡ n modm2,
hence n1 + n2 ≡ n mod m. We have shown that each pair n′1 + n′2 mod m1, n′′1 + n′′2 mod m2 of
representations of n produces a representation n1 + n2 mod m.
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n′′2 mod m2 by setting n′i :≡ ni mod m1 and n′′i :≡ ni mod m2 (i = 1,2). Altogether we have a 1–1
mapping between the two sets
{
(n1,n2) ∈
(
Z
∗
m
)2
: n1 + n2 ≡ n modm
}
and
{(
n′1,n′2
) ∈ (Z∗m1)2: n′1 + n′2 ≡ n modm1}× {(n′′1,n′′2) ∈ (Z∗m2)2: n′′1 + n′′2 ≡ n modm2},
which proves that s∗m(n) is multiplicative.
It remains to show that s∗m(n) = ϕ∗m(n) holds for all prime powers m = pk . We distinguish two
cases.
Case 1. p|n.
Let 0< n2 < pk with arbitrary n2 ≡ 0 mod p, i.e. n2 ∈ Z∗pk . Since p/|(n−n2), there is a unique solution
n1 ∈ Z∗pk of n1 ≡ n − n2 mod pk , hence
s∗
pk
(n) = ∣∣Z∗
pk
∣∣= ϕ(pk)= ϕ∗
pk
(n).
Case 2. p/|n.
For 0 < n2 < pk and n2 ≡ n mod p the congruence n1 ≡ n − n2 mod pk apparently has no solution
n1 ∈ Z∗pk . For 0< n2 < pk and n2 ≡ n mod p we have a unique n1 ∈ Z∗pk satisfying n1 ≡ n−n2 mod pk .
This implies
s∗
pk
(n) = ∣∣{0< n2 < pk: p/|n2, n2 ≡ n mod p}∣∣
= ∣∣{0< n2 < pk: p/|n2}∣∣− ∣∣{0< n2 < pk: p/|n2, n2 ≡ n mod p}∣∣
= ∣∣Z∗
pk
∣∣− 1
p − 1
∣∣Z∗
pk
∣∣= ϕ(pk)− ϕ(pk)
p − 1
= pk−1(p − 1) − pk−1 = pk−1(p − 2) = ϕ∗
pk
(n).
This completes the proof. 
Proof of Corollary 1.1. (a) By deﬁnition ϕ∗
pk
(n) > 0 for all p > 2, hence ϕ∗m(n) > 0 for 2/|m. The claim
follows from Theorem 1.1.
(b) For 2|m and 2|n we have
ϕ∗m(n) = ϕ∗2e2(m) (n)
∏
p|m
p>2
ϕ∗
pep (m)
(n),
where ep(m) denotes the order of p in m. Clearly 2|n implies ϕ∗2e2(m) (n) > 0. Thus ϕ∗m(n) > 0, and
again Theorem 1.1 implies the assertion.
(c) Choose n2 = 1. Then n − n2 is odd and has a binary representation by (b), which implies a
ternary representation for n. For even m all units are odd, hence n1 + n2 is even for all units n1,n2.
So we cannot have binary representations. 
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(a) Let m = pa11 · . . . · parr be the prime factorisation of m. Since m is odd, we have pi  3 for all i.
Consequently, there are at least two primitive residues mod pi . Let ki be one of these satisfying ki ≡ n
mod pi (1  i  r). By the Chinese remainder theorem there is a (unique) n1 mod p1 · . . . · pr such
that n1 ≡ ki mod pi for 1 i  r. By construction (n1, p1 · . . . · pr) = 1, hence (n1,m) = 1. Moreover,
n2 := n − n1 ≡ n − ki ≡ 0 mod pi (1 i  r), thus (n2,m) = 1. With n1 + n2 = n the claim follows.
(b) Let m = 2a pa11 · . . . · parr be the prime factorisation of m, where a  1 and pi  3 for 1 i  r.
As in (a) we construct n′1 mod p1 · . . . · pr satisfying n′1 ≡ ki mod pi for 1 i  r. Let
n1 :=
{
n′1 if 2/|n′1,
n′1 + p1 · . . . · pr if 2|n′1.
Hence n1 ≡ n′1 ≡ ki mod pi for 1  i  r, and 2/|n1. Clearly (n1,2p1 · . . . · pr) = 1, so (n1,m) = 1.
Moreover, n2 := n−n1 ≡ n−n′1 ≡ n−ki ≡ 0 mod pi (1 i  r), and n2 is odd. Thus (n2,m) = 1. Again
the claim follows.
Proof of Theorem 1.2. We obviously have the disjoint union
{
(n1,n2) ∈ (Zm)2: n1 + n2 ≡ n modm
}= S∗∗m (n) ∪ Sm (n) ∪ S∗m (n) ∪ S∗m (n). (1)
Moreover (n1,n2) 	→ (n2,n1) is 1–1 from S∗m (n) to S∗m (n), hence |S∗m (n)| = |S∗m (n)|. Clearly
∣∣S∗∗m (n) ∪ S∗m (n)∣∣= ∣∣Z∗m∣∣= ϕ(m),∣∣Sm (n) ∪ S∗m (n)∣∣= ∣∣Zm \Z∗m∣∣=m − ϕ(m).
Altogether we obtain
s∗m(n) − sm(n) =
∣∣S∗∗m (n)∣∣− ∣∣Sm (n)∣∣
= (∣∣S∗∗m (n)∣∣+ ∣∣S∗m (n)∣∣)− (∣∣Sm (n)∣∣+ ∣∣S∗m (n)∣∣)
= ∣∣S∗∗m (n) ∪ S∗m (n)∣∣− ∣∣Sm (n) ∪ S∗m (n)∣∣
= ϕ(m) − (m − ϕ(m))= 2ϕ(m) −m.
By virtue of Theorem 1.1 the proof is completed. 
For the proof of Corollary 1.2 we need the following simple result, which can be shown by induc-
tion on r right away.
Lemma 2.1. Let r  2 be an integer, and let ε1, . . . , εr be real numbers with 0< εi  1 for 1 i  r. Then
r∏
i=1
(1− εi) +
r∏
i=1
(1+ εi) > 2.
Proof of Corollary 1.2. (a) Let m be a prime power pk . If p|n we have ϕ∗m(n) = pk−1(p − 1) = ϕ(m),
hence by Theorems 1.2 and 1.1
sm(n) = ϕ
(
pk
)+ pk − 2ϕ(pk)= pk − ϕ(pk)> 0.
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sm(n) = pk−1(p − 2) + pk − 2ϕ
(
pk
)= 0.
(b) Since m contains at least two distinct prime factors, we obtain by Lemma 2.1
∏
p|m
(
1− 1
p − 1
)
+
∏
p|m
(
1+ 1
p − 1
)
> 2,
which by multiplication with
∏
p|m(1− 1p ) yields
∏
p|m
(
1− 2
p
)
+ 1> 2
∏
p|m
(
1− 1
p
)
.
This and the deﬁnition of ϕ∗m(n) then imply
ϕ∗m(n) =m
∏
p|m
p|n
(
1− 1
p
)∏
p|m
p/|n
(
1− 2
p
)
m
∏
p|m
(
1− 2
p
)
>m
(
2
∏
p|m
(
1− 1
p
)
− 1
)
= 2ϕ(m) −m.
By Theorems 1.2 and 1.1 we obtain sm(n) > 0. 
Proof of Theorem 1.3. By the observation made in the proof of Theorem 1.2 we have
∣∣S∗m (n)∣∣= ∣∣S∗m (n)∣∣=: s∗m(n).
Hence it follows from (1) that
m = s∗m(n) + sm(n) + 2s∗m(n).
With Theorems 1.1 and 1.2 we obtain
s∗m(n) =
1
2
(
m − ϕ∗m(n) −
(
ϕ∗m(n) +m − 2ϕ(m)
))= ϕ(m) − ϕ∗m(n). 
Proof of Corollary 1.3. By Theorem 1.3 we have |S∗m (n)| = 0 if and only if ϕ(m) = ϕ∗m(n), i.e.
m
∏
p|m
(
1− 1
p
)
=m
∏
p|m
p|n
(
1− 1
p
)∏
p|m
p/|n
(
1− 2
p
)
by the deﬁnition of ϕ∗m(n). This is the case if and only if the last product is empty, and this implies
the desired condition. 
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